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Interactions between pairs of oblique waves on a mixing layer
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Abstract

We consider the weakly nonlinear spatial evolution of two pairs of oblique waves superimposed on an inviscid mixing layer,
with each wave being slightly amplified on a linear basis. One pair of waves is assumed to be inclined at an &ntgie
plane of the mixing layer, the other at an anggeA nonlinear critical layer analysis is employed to derive equations governing
the evolution of the instability wave amplitudes, which contain a coupling between the pairs as well as within each pair. These
equations are discussed and it is shown that, as in related work for other flows, these equations may develop a singularity at a
finite distance downstream.
O 2003 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

In a landmark paper, Goldstein and Choi [1] identified a critical layer mechanism by which oblique disturbances to a shear
layer could undergo extremely rapid growth when the disturbance consisted of a pair of oblique waves at equal and opposite
angles to the shear layer. This mechanism was similar to that for a single wave found earlier by Hickernell [2], and the amplitude
equations arising from the theory of nonlinear non-equilibrium critical layers are sometimes called “Hickernell-type” equations.
Later [3,4], it was found that the growth could be even more rapid if in addition to the pair of oblique waves, the disturbance
included a plane wave. This approach required that the oblique waves be the subharmonic of the plane wave, meaning that they
had to be inclined at-60° to the plane of the mean flow, and this form of disturbance is known as a (subharmonic) resonant
triad. If the amplitude of the disturbance wagsQ) the evolution of a purely planar disturbance would first become nonlinear
on a length-scale (or time-scale for temporally evolving disturbancesX&)TJ@z) while a disturbance consisting of a pair of
oblique waves would first experience nonlinear growth on the much shorter length-scatedf ) and the length-scale for a
resonant triad was @~1/4) for the parametric resonance stage. In all cases, the growth first became nonlinear inside the critical
layer, which is the location at which the velocity of the base flow is equal to the phase speed of the distuig@pres c.
Mathematically, the approach taken in these studies was to employ matched asymptotic expansions, with an “outer” expansion
away from the critical layer and an “inner” expansion near the critical layer, where rescaled variables where introduced.

A number of studies followed for various flows (e.g., [5-12]), and it has been claimed (e.qg., [10]) that some experiments
(e.g., [13,14]) have provided at least partial confirmation of the theory. In each of these studies, the development of the
disturbance can be broken down into three stages. Initially, when the disturbance is small, the growth of the disturbance is
linear. Eventually, when the disturbance is large enough, the growth becomes nonlinear, and finally at some point it becomes
explosive, with the solutions of the amplitude equations having a singularity at a finite time (or a finite distance downstream).
Two studies [6,15] have explored how weak viscosity affects the development of the disturbance. These studies would seem
to indicate that viscous effects modify the singular behavior slightly but it appears that at high Reynolds numbers the result is
still meaningful. Wu [6] showed that viscosity delays the occurrence of the finite distance singularity but does not appear to be
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able to eliminate it. Since a full discussion of the effects of viscosity is beyond the scope of this article, the interested reader is
referred to [6,15].

Most of the early studies considered flows with only one critical layer, although Wu’s study [4] of the Stokes layer allowed
the possibility of more than one critical layer and several studies [7,11,12,16] have considered plane wakes and jets with two
critical layers and interactions between different neutral modes.

In a sense, both the resonant triad studies and the wake studies can be thought of as extensions to the work of Goldstein and
Choi [1], in that the Goldstein—Choi equation can be recovered from those other studies. In the present study, we are exploring
another extension to [1]. We shall consider the instability of a mixing layer to pairs of oblique waves. However, while [1] and
subsequent authors have considered only a single pair of oblique waves at ait@ngléhe plane of the base flow, or in [12]
two pairs of obliqgue waves at the same angle but with different wave numbers, we shall consider the case of two pairs of oblique
waves with the same wavenumber butldferent angles,+61 and+6, with 81 # 62. Of course, the resonant triad studied in
[3,4,9,10] is in a sense a special case of this with wave§ an@+60°, and we should stress that our analysis is for two pairs
of oblique waves and so is not applicable to the resonant triad which has only one pair of obliqgue waves together with a plane
wave; the scalings for the resonant triad differ to those used here. Still another extension to [1], a pair of oblique waves at an
angle other ther:60° together with a plane wave is currently being investigated [17]. Our reasons for exploring the present
problem are to see if the addition of this second pair of waves leads to even faster growth than if only a single pair of waves
was present. To the best of our knowledge, we are unaware of any experiments or numerical simulations that have explored this
scenario, and we would suggest that it might be a worthwhile endeavor for people in those fields to pursue.

One more study which we should mention is the phase-locked interaction of Wu and Stewart [18], which in a sense fully
demonstrates the power of nonlinear critical layers. Wu and Stewart were able to demonstrate that two waves superimposed on
a shear layer would interact nonlinearly inside the critical layer, provided that they had (roughly) the same phase velocity, and
it is their phase-locked mechanism which causes the nonlinear interaction presented here. In a way, the mechanism in [18] can
be thought of as a “building block”, and a number of other transition mechanisms can be constructed by superimposing several
of the phase-locked modes.

Turning to an overview of our analysis, we will follow [1] and take the usual approach of posing an outer expansion in
Section 2 and an inner expansion in Section 3 near the critical layer, where the outer expansion becomes disordered and
singular. Matching these two expansions together, or more precisely, matching certain jumps across the critical layer, will yield
our amplitude equations. In our analysis, we derive only one of the two amplitude equations, that for the pair of wayes at
the equation for the other pair (&8,) follows from symmetry. The scaling used in the outer expansion is the eatritical
layer first used in [1], where is a non-dimensional parameter characterizing the amplitude of the disturbances; this scaling is
used because it is the stage in which the amplitude equations first become nonlinear. This scaling means that there will be an
0(£1/3) departure of the phase speed from its neutral value which in turn gives rise to a long length-scalé3x on which
the waves interact. We note that in our analysis, both pairs of waves may be of roughly the samésgjze@(@ither of them
may be smaller than this, or indeed, one or other of them may be absent altogether in which case the amplitude equation for the
remaining pair of waves simply reduces to that of Goldstein and Choi [1]. One possibility allowed by this scaling then is that
the one pair may be much larger than the other pair, which will still lead to very rapid growth of both pairs during the nonlinear
stage. This last scenario might happen if one pair of waves were forced and the smaller pair were part of the background noise.

The structure of the remainder of the paper is as follows. In Section 2, we briefly sketch the flow in the outer region, posing
a perturbation analysis outside the critical layer. Since the analysis so closely follows that of earlier studies, notably [1], the
procedure will be only briefly sketched. In addition, in the outer expansion, only the linear terms are necessary for the derivation
of our end result, and we need only present the analysis for one of the pairs, with the other pair following from symmetry. We
should note here that, just as in earlier studies, it is necessary to include in our analysis a mean streamwise vortex motion and
several other vortex motions both inside and outside the critical layer. Outside the critical layecom@onent of the velocity
due to this streamwise vortex is as largg{¥) as the oblique waves which induce it, although thendz components are
smaller. The need for this streamwise vortex was first noted by [1], and indeed all the scales used in this paper follow exactly
those of [1]. We will discuss these additional terms further in Section 3.

In Section 3, we sketch how to analyze the flow inside the critical layers, again omitting some of the details because of the
similarity to earlier work [1], and arrive at the relevant jumps across the critical layers, which we match to the jumps from
the outer expansion given in Section 2. Once again, we only present the analysis for one of the pairs, with that for the other
pair following by symmetry. This leads us to the amplitude equations, which are a pair of coupled nonlinear integro-differential
equations governing the amplitudes of the waves. As noted above, when one or other of the pairs of waves is absent, the equation
for the remaining pair reduces to that of [1]. As how appears usual for equations of this type, these equations may develop a
singularity at a finite distance downstream, the physical significance of which is still not completely understood. Finally, in
Section 4, we make some concluding remarks.
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2. Formulation and outer expansion

We consider the spatial stability of the tamhmixing layer i(y) = 1 + tanhy to perturbations of @) wheres « 1
is a dimensionless amplitude parameter. We consider oblique perturbations proportiondid@éeoqsd + zsind)], where
& = x — ct. The initial perturbation consists of two pairs of oblique waves, one pair at an énglee otherd,, and in what
follows, we shall use the notatiadihl = cosdq, §1 = sinfdy, and similarly forg,. Since we are interested in the spatial stability
problem, the wave number will take the neutral vatue- 1, while the phase velocities of the waves are perturbed slightly
from neutral, so that the pair of waves at an@{ehas a phase velocity ef, = 1 + py; while that at anglé, has a phase
velocity of cp = 1+ py2; these perturbations to the phase velocities cause the disturbances to develop on the long length-scale
X = ux, wherep <« 1 is a second small parameter. The balance between these two small parasnaters, determines
which flow regime we are in. In the present study, we are interested in the stage of evolution in which nonlinear effects first
become important, and by settipg= ¢1/3, the linear and nonlinear jumps across the critical layer which we present in the next
section enter at the same order, leading to a nonlinear evolution equation.

Assuming the flow to be inviscid (which requires in practice that the Reynolds number 4&3¢) and incompressible, the
equations of motion can be written in non-dimensional form as

O (4 Vyu=—v

o (- Vyu=—Vp,

ar R P 1)
V.u=0,

where the velocity componenis = (ii + «ii, 7, ¢i) and the perturbation pressupe= ¢j are expanded agé = D +

el/34@ 4 £2/3,3) 4 ... with similar expressions fof, @ and . The basic pressure is a constant which can be set to
zero without any loss of generality. The lowest order disturbance is composed of two pairs of oblique waves, with each pair of
equal amplitude at equal and opposite angles to the mean flow. &ick the vertical velocity at lowest order can be written

as

v = 2[051)A1 181 cosfyz + ﬁél)Az €252 cosipz + c.c.], 2

where A and A, are functions of the long length-scalg ‘c.c.” means complex conjugate, and the phases of the waves are
&1 =x —cqit andéy = x — cof.

In the remainder of this section, we need only consider linear terms. Therefore, we shall give the results only for the waves
at+61; the results for the waves a9, follow from simply replacing the subscript “1” by the subscript “2”.

Returning to the outer expansion, cleaﬂy:) = sechy is a solution of the Rayleigh equation,
L =dyy + (2secy —1)5 =0, 3)

which vanishes ag — +o0o. The other components at this order are

~(1) |(1—£% COSl’?y)
Uy" = 4
é1 cost? y sinhy
ﬁ)il) = —i§; cosechy andﬁ&l) =ic¢qsechy. The Qi) streamwise velocity will also include a spanwise mean flow component

induced by the flow inside the critical layer. This was first pointed out in [1] for the problem of a single pair of oblique waves.
At the next order, we find that the(&"/3) vertical velocityﬁiz) for the oblique waves at6, obeys the following equation

1 costfysinhy  costf ysinhyé;
where the left-hand side is the Rayleigh operator from (3) above. This equation (5) has a solution of the form
. y
~(2) _ oA tala) ., AN (- [ ydy 1w
017 =C10y" + D70y’ —iAjcrcoshy + | y141 + Z 204 sinhay b7 Intanhly| |, (6)

whereﬁil“) = ysechy + sinhy is the second solution to the Rayleigh equation (3) above. The supergteyiph D, refers to
the regions above and below the critical layers respectively. Imposing the homogeneous boundary conditions@sleads

toajumpin theDil) given by

Df — D =2iA}é1. (7)
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It should be noted that the outer expansion is purely linear; nonlinear terms will appearatitOthe outer, but because the
outer jumps appear much earlier than this, &493), we do not need to calculate the nonlinear terms. Because of this the outer
expansion for each pair of oblique waves is the same as that for a single pair of oblique waves.

In the present section, we have found expressions for the jumps across the critical layer from the outer expansion. In the
next section, we will sketch how to find a second expression for these jumps from the solution inside critical layer solution;
matching these jumps will lead to the amplitude equations governing the spatial evolutignasfd A>. As we mentioned
above, by settinge = /3, the linear and nonlinear jumps in the inner expansion will enter at the same order, leading to
nonlinear amplitude equations.

3. Critical layer analysis

In order to obtain evolution equations fdr, and A,, we shall now pose inner expansions in the critical layer, where the
outer expansion becomes disordered, and obtain expressions for the jumps across the critical layer. The details will again be
largely omitted, because the analysis so closely parallels that of earlier work, and as in the outer expansion, we will derive the
amplitude equation for the wavesaf1, with the equation for the-6, waves following simply by interchanging the subscripts
“1” and “2”.

Near the critical layer ap = 0, we introduce the rescaled inner variable= 1 ~1y, wherep was the departure of the
phase velocity from neutral. By setting= 1/3, where of course was the order of magnitude of the disturbance in the outer
expansion, the linear and nonlinear jumps in this section will enter at the same order, and with this scaling, our inner variables
becomeY = 871/3y, U= 871/3(14 -1, V= 872/31), W=¢"13pandP = 874/3[7.

These scalings are substituted into the governing (Euler) equations. The form of the inner expansion can be deduced from
writing the outer solution in inner variables,

y3
U=Y+el/3U1+82/3(U —?>+~-~,

V=81/3V1+82/3V2+~-, (8)
w =81/3W1+82/3W2+~~~,
P=c18p 14 Py+e3P +623Pp) 4 ...

The streamwise velocity perturbation at lowest order can be written

Uy = 2(U{1) d181 cossyz + Uél) d252 cosgyz + c.c.), 9)
where
X
Ul =2 / A1(Xg) e X =X0) gx (10)
—0oQ

with a similar expression foUél), and Whereyl = (Y — y1)¢1 and 172 = (Y — y1)¢2. Likewise, for the other velocity and
pressure components we fim’gfl) =Aq, W{l) = —81U{1)/§1, Pl(fl) =ic141, Pl(o) = §%A’l + iélcil) and
1 Caa Y A 1
P = Y[IAlc]_(yl - 5) - A/lsf] +pPx). (11)

These linear disturbance components are of course identical to those where the disturbance contains a single pair of waves. At
the next order, we find that in addition to the linear terms there are a number of nonlinear terms,

Vo= V1(2) g (€151+512) + Vz(g) g2i(C151+512) + V(g(Z)) + Vz(g) e2ié181 + V(g) e2is1z
n ei(51§1+52§2+§1z) (VQZ) eifzz + V](;Z) e—ifzz) + ei (C161—C2&2+512) (VC(‘Z) eifzz + VéZ) e—i§21), (12)

together with other terms that we do not need to calculate, since they do not affect the jumps across the critical layer. Once
again, the linear terms are the same as those for a single pair of waves‘/{\%)ith Cil) —i¢1A;, and

0 o - . "
[a_x + |Y1} U2 —iyTiulP + 53 (v Ag - ¢ —ie14Y), (13)
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and W{z) = iélU&) /51— U{z)/il. For the nonlinear terms, there are both self-interaction terms and interactions betw&en the

andf, modes. Amongst the self-interaction terms, the plane Wave(tafé%], VZ(S), 0), the harmonic tern(iuég), 0, W2(§)> and

the cross-flow tern@Uég), Vég), Wég)) are each identical to the corresponding terms for the single pair of waves. The derivation

of these terms may be found in [1], and the terms themselves are given in the appendix for completeness. The self-interaction
terms also include a mean flow te(m(()(z)), 0, 0), and for this term it is necessary to include the contributions both from the self-
interaction of thet64 terms and that from the-6, terms; each of these contributions is separately equal to the corresponding
term for the single pair, and once again the derivation may be found in [1] \lvéﬁ)eitself is given in the appendix.

We also have terms coming from the interactions between the modes. These terms were not present in [1], but are very
similar to the sum and difference modes found in Wu and Stewart [18], and(fra £262+(51+52)2) term obeys

@ @ ,
AqU. AU 2sir (6, — 6
Loy 2 1”)+ ©2=00) Dy Oy D),

e o .
[— +i(V1+ Yz)] v —isin(e, - 91)< -
2

D¢ § §28
, l(l) D AZ 1- (14
h%+“ﬂ+%ﬂw§=—dm—Awg—AﬂﬁhJ%'% “ég”“ﬁ‘@l
with solutions
X X1
v = [ [ KOs g0 e XX TOCXD xoax,
—00 —00
X Xz
+ f f K A1(X1) Ap(Xo) & HX X0 172X =X0) g dxy,
—00 =00
X X1
ud = [ [ ka0 az0rn e XX TOCKD gy ax, 49
—00 —00
X Xz
+ f f K A1(X1) Ap(Xg) e X —XD—iT2(X=X0) g dx .
—00 =00
W@ _ Vi -UP @ te
A §14 52 ’

where the kernels!(f) are given in the appendix. The remaining interaction terms we require can be recovered from this term
using the following transformations

2 2
(Ufz) ) = (S — —52) (U?Z) ) ,
Vg Va

UéZ) 22— _Cf UIExZ)
v@ A= e ) (16)
C A

Uy — U;

2 2
Up . . (UYe

@ | =627 =2 o )
Vb Ve

We should mention that special attention must be paid several of these nonlinear terms, specifically the cross-flow terms
proportional to 8512 and the terms proportional td(@s1—¢262+(1£52)2)  pecause there are jumps in these terms across the
critical layer which require that additional terms be added to the outer expansion in order that the two flows match together. The
reason that this occurs with thié@?51—¢262+61%52)2) terms but not thel€151+¢252+(1£52)2) gnes is that a necessary condition

for such a jump to occur is that the coefficientlofn the exponentials in these terms must vanish somewhere in the range of
integration. The jumps in the @61 —C252+(1%52)2) terms are very similar to the jumps in the cross-flow terms, and so we are

able to handle these two sets of jumps in a similar fashion, using the approach taken by Goldstein and Choi [1]. Goldstein and
Choi added additional terms to their outer expansion to generate jumps there that could be matched to these new jumps in the
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inner expansion, specifically they added a spanwise mean flow component in the form of a streamwise vortex motion of the
form
2(su02(y, X), % 3v02(y, X), 8> 2woa(y, X)) cos 1z, (17)
where for the tanl mixing layer [9]
uop = £28 C55F eF50, (18)

where £+ denotes above and below the critical layer respectively. This additional term has been included in virtually every
subsequent nonlinear critical layer study on three-dimensional transition, either explicitly or implicitly, including [3-12,15].
Wu and Stewart [18] used a similar approach to deal with the difference term in their phase-locked interaction, and we will
similarly add an additional term

84/3ei(61§1752$2+§12) [(MC! Ve, we) eifzz + (up,vp, wp) efifzz] (19)

to the outer expansion, which ensures that we can match the inner and outer expansions together; in this additional term, which
represents a vortex motion, the velocity components in the outer expansion are given by

ve = Ce [1 . tanhly| ] eV @@ 7+ Gty
V(@1 — 2%+ (51 + §2)2

i . 2(51 4 §2)%vc }

Uc = — — — — (c1—cvey + —5——7=— |, 20

T @-o2+ (S1+sz)2[ 1RO T G~ sinhy (@0)
i(51+352)

we = ——— — —[vcy — 2vc csch 3],

S RN R S &
with the corresponding pressure term given by
pc (1= ) ¢ sechy —vcy tanhy]. (21)

= = = ~ = [1)
(61— 2%+ ($1+§2)2
Terms equivalent to these can be found in §3 of [18]. The other additional velocity terms can be recovered from (20) by making
the transformatioi; — —35». It follows that for example there is a jump iy, across the critical layer given by
2Cc[1+(é1— 82+ G1+ 822

V(@1—22)2+ (514 52)2

[vC,y]gi_ = (22)

and this jump can match to the jumpvrg) across the inner region. It follows that the presence of these additional terms (17),
(20) in the outer expansion allows us to match the inner and outer expansion together.

At the next order, in the inner expansion we must calculate the jump in the fundamental, which will enable us to write our
amplitude equations. To simplify the algebra, we write

v =y Ly B (23)
Wherevl(Sb) is given in the appendix and consists of terms that do not contribute to the jump\@ﬁﬂéobeys an equation of
the form

3 5 |yGa) _ p(3a)
[ﬁerl]leY:Fl , (24)

where the forcing ternFl(SC’) and Vl(;“Y) itself are given in the appendix. We must now calculate the jump across the critical
layer. Matching to the outer solution, we find that the jump must satisfy

oo
3 + -
/ (Viyy +A1)dY =2[D] — D], (25)
—00
but we already know from the outer expansion (7) that
Df — D] =2iA’ coss, (26)

and combining the outer (7) and inner (25) jumps leads to our first amplitude equation,
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00 00
2i¢ 1 A3n A
iy1A1+ ( ;1 >Al_ Zc%sl cos 21//r0[2s]2_r1(r0+ 71) + 10(270 + 1’1)]
1
00

x A1(X — 19)A1(X — 19 — 1) AT (X — 279 — 71) drgdrg

[o,eNe o]

+ Zézfgé% cos @1/ / eigltO(yl*VZ)TgAl(X —109)A2(X — 10— Tl)A§<X -1 — ‘L'0<l+ z—l>> drgdry
2
00
00 00
2620262 H (0, — 6 iz
2622_(@12)3 v // Mty 4 (75 + 11)

x [1153(463¢5 — &3 — ¢2) — 1061 (¢2 cos Fp — ¢1COS Dy + 6253) |

x Ap(X — 1) A% (X - 7621.1 flm)Al(X 762(1.1 TO)) drgdry
2
- G-
o0 00

+ 20252 H (61 — 6) / / LM+ (1=72) 1y (1 + 177)[ (11 + 70)é2C0S Dy — (COS B1E2 + 6152 71]

X Ao(X — ‘Eo)A;(X - 11— M>A1(X — 11 — 10) drgdrp
HOy—01)si?20, [ [
_ Si . . R
+ % / / e2n2710) (11 + 1) (é(z0 + 11) — é171)
¢
1 00

222 D (n2 Ca(tg+11)
X [T1¢151 COS & + cos 291c2(sltl + ‘L'2)]A2 X+1p———
y A;(x - M)Al(x _ m) dro dry. 27)

Cc1 Cc1

The second amplitude equation can be written down using symmetry, simply interchanging the indices “1” and “2” in the first
equation. There are several points to notice about these equations. Firstly, the terms on the left-hand side are linear terms. If the
amplitudesA1 and A, were both small, all of the terms on the right-hand side would disappear and we would be left with linear
equations, with solutiona 1 = A19€”1X, where the linear growth rate
oy = XL (28)
25% +im

with a similar expression fad . Turning to the nonlinear terms, the first term on the right-hand side of the equation is of course
the familiar Goldstein and Choi [1] expression for the cubic self-interaction of a pair of waves with itself, and if only one pair
were present, our equation would, as expected, reduce to that of Goldstein and Choi. The remaining terms represent interactions
between the pairs of waves, and are new to the present analysis. These terms mean that during the nonlinear stage, each pair of
waves affects the other. The presence of the Heaviside step fundi@fis 61) and H (61 — 65), in the equation above should
also be noted, meaning that some terms will only appear in the equation for the wave with thé hatgker others will only
appear in that for the smallér, meaning of course that the two equations are in reality far less symmetric than they appear to
be at first sight.

We should also address what happens when one pair of waves is much larger than the other. If we suppo$e-ttetl)
but|A1] <« 1, so thatA1| « |A2], then in the above equations, we can neglect terms that are either quadratic or caipic in
under those conditions, the equation for will reduce to that of Goldstein and Choi,

o0 o0
2i¢ 1 n
iypAs+ ( ;2 C2),42 =203 s2 cos 292/ / r0[2s§r1(r0 + 1) + 10210 + 71) |

x Ap(X — ro)Az(X — 19 — 1) A5(X — 219 — 71) drg dry. (29)

In the equation for 1, the first (self-interaction) term on the right-hand side of (31) will disappear, but the remaining nonlinear
terms (representing interactions between the pairs) will remain. Thus, the larger pair affects the smaller, but not vice versa. This
can be seen more formally by replacidg by vA1 (with v <« 1) in the amplitude equations and neglecting higher order terms
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in v. One effect of this is obvious and important: whénundergoes the finite-time singularity found by Goldstein and Choi [1],
A1 will also undergo explosive growth. This last result is significant: suppose we have a situation where a single pair of waves
is forced, and undergoes the Goldstein and Choi mechanism. If there is background noise in the experiment, there will be other
oblique waves with smaller amplitudes in that background noise, and when the forced wave experiences explosive growth, those
other waves in the background will also experience very rapid growth, and because of this, one limit of the equations present
here (27) can be thought of as a secondary instability of a pair of oblique waves.

As with similar equations of this form, the solutiodg and A, will become singular at some finite distance downstream,
with the structure of the singularity being the same as that found in [1], namely

Ap~b1/(Xs = X)¥ZHVL . Ay~ by (X — X)S/2HV2, (30)

whereyr1 andyr, are real (so the real parts of the exponent are the same for the two modes but the imaginary parts will differ)
andbq andb, are complex. This singularity would be manifested in a real flow as extremely rapid growth, marking the onset
of a subsequent more nonlinear stage governed by the complete Euler equations.

Although this paper has been concerned with interactions between two pairs of oblique waves superimposed on a mixing
layer, it would be fairly straightforward to extend it to include a third pair, with amplitdgat an angl®s, or possibly an even
greater number of pairs: provided that the phase velocities of these waves were all (roughly) equal, there would be an interaction
between them. If a third pair were to be included, the amplitude equation$;fand Ao would need to be modified, so that
for example (27) would contain an additional group of nonlinear terms coming from the interaction between the pair of waves
at angled1 and that at3; these new terms would be of the same form as the terms coming from the interaction b@taadn
6> modes, but with the subscript “2” replaced by the subscript “3”.

It is also possible to deduce from our amplitude equations what would happen if the disturbance consisted not of two pairs
or obligue waves but rather one pair of waves at an aéglegether with a single wave at an angle In such a case, the
amplitude equation for the single wavegatwould still contain the nonlinear terms coming from the interaction with the pair
at 61 but would lack the self-interaction terms of the Goldstein—Choi equation, while the amplitude equation for thépair at
would still contain the Goldstein—Choi self-interaction terms along with some but not all of the other nonlinear terms, with the

terms coming from/f(‘z) and VL()Z) remaining but those frorir l(;2) and Véz) absent. Because of this, intuitively one would expect
the nonlinear interaction between a pair of oblique waves and a single oblique wave to be weaker than that between two pairs.
Finally in this section, we make some remarks on the effects of viscosity. Although weak viscosity could be added to the
present analysis by writing Ré = ¢, wherea is the Benney—Bergeron parameter, a full study of the effects of viscosity is
beyond the scope of this article. However, we can make some inferences based on other studies that have included viscous
effects, namely those of Wu [6] and Lee [15]. Wu's results indicate that viscosity delays the occurrence of the finite distance
singularity but does not appear to be able to eliminate it. Because of this, we are able to infer that our result is still meaningful
at high Reynolds numbers.

4. Numerical solution of the amplitude equations

In this section, we present some sample numerical solutions of the coupled evolution equations presented in the preceding
section for the amplitudes, andA». Eq. (27), together with its counterpart for the other pair of waves, was solved numerically
using a numerical method due to [1]. The specific code used was a modified version of that used in [12]. The numerical method
involved two main components at each time step. Firstly, the integrals in (27) were evaluated numerically by truncating the
infinite domain to a finite interval, on which the integrals were evaluated using a Newton—Coates formula, while the infinite
tails were estimated analytically using the known asymptotic behavior of the amplitudéssas-oco. In the second stages,
once the integrals had been evaluated, we were able to cale\!iaaed A/2 and thereby advance the amplitudés and A»

using a tenth-order Runge—Kutta scheme with a step size>oll@ 3. The integration was started at some initial paiy

during the linear growth stage, when the amplitudes were sufficiently small that the nonlinear terms in (27) could be neglected
and we were able to assume that we had linear growttkfer Xo with A1 = A19€”1X and A, = A,e”1X. For the runs
presented here, we todky = —100.

Following a similar strategy to that used by Wu [18], to make the integration easier, we chose the angles of the waves so
thatcq/¢2 = 2, which meant that during the integration we only needed the amplitudes at regularly spaced grid points; for more
general angles, some sort of interpolation would be required. The specific angles used in our calculatiéns-vé€Pe so that
¢1=1/2, andd, = arccogl/4) ~ 75.52. Four runs are presented here, and in each of these, we took the initial amplifydes
and Aoq to be real. In each of Run 1 and Run 2, only one mode was present, so we were solving the Goldstein—Choi equation
equation. In Run 1, we settjg= 102, while in Run 2, we sefiog = 107°. These two initial runs were partially to validate the
code against earlier results and partially to give a benchmark against which to compare the later runs with both modes present.
Two subsequent runs, Run 3 and Run 4, were performed with both modes present. These two runs each took roughly one month
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Fig. 2. Evolution of|A1| and|A2|: (a) Run 3; (b) Run 4.

of CPU time on a Itanium 2 chip running at 1 Gigahertz. The computations were performed on the Sharcnet Canada cluster. In
both Run 3 and Run 44, took the same value as in Run 1. In Run43,y took the same initial value as in Run 2, while in
Run 4,A,q was set to the much smaller value of fo

Our numerical results are presented graphically in Figs. 1 and 2. In Fig. 1(a), we present the evolutj@n [ofdnRuns
1, 3 and 4. If there was no interaction between the modes, all three lines would be identical since they have the same initial
condition. However, it can be seen that while the linear stage is the same for all 3 runs, the location of the blow-up is different
for each of the three runs, occurring earliest for Run 3, then for Run 4 and finally for Run 1. In addition, while the behavior of
Run 1 appears to be monotonic during the blow-up process, there is a weak oscillation present in Run 4 and a strong oscillation
present in Run 3. In the cases studied, this oscillation appears to occur ¢Aky inot |A5|.

In Fig. 1(b), we present the evolution of|l;| for Runs 2, 3 and 4. Initially, Runs 2 and 4 are identical, since they had the
same initial condition. However, the blow-up occurs substantially earlier for Runs 3 and 4 than it does for Run 2. The blow-up
appears to start at roughly the same time for Runs 3 and 4, and presumably is caused by the amplitude of the dthgr wave
reaching a large enough value, but the blow-up process takes much longer in Run 4 than in Run 3, presumably due to the smaller
value of|A2| in Run 4.

The evolution of both amplitudes for Run 3 is presented in Fig. 2(a), with a similar plot in Fig. 2(b) for Run 4. In each of
these runs, the evolution ofo becomes nonlinear first, due to interactions with, and this nonlinearity eventually couples
back toA; when|A5| has grown sufficiently large.

Although we have only presented two runs with both pairs present, it is clear from those runs that an interaction between the
pairs can take place, and that the appearance of the finite time singularity can be accelerated by that interaction.

5. Concluding remarks

In the preceding sections, coupled amplitude equations consisting of (27) and its counterpart for the other pair of waves
were derived governing the interaction of two pairs of oblique waves superimposed upon a mixing layer. The two pairs were
assumed to have the same wavenumber and their amplitudes were nominally of the same order, but their phase velocities were
slightly different and they were inclined different angles to the plane of the mixing layer. Because the phase velocities of
the waves were almost equal, the interactions can be thought of as an example of the phase-locked interaction of [18]. As
in [1], these equations are of integro-differential form with cubic nonlinearity and depend upon the entire history of the flow.
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An unusual feature of these equations however is that the argumesjsasfd A, in the integrals in (27) involve the angles at

which the waves are inclined to the shear layer; this happened in [18] but not in [1]. As is normal for nonlinear critical layer
analyses involving pairs of oblique waves, these equations describe two successive stages of the evolution process: the initial
linear growth stage for small disturbances, when the nonlinear terms in the evolution equations vanish, and a fully nonlinear
stage. It can be seen from the equations that during this nonlinear stage, the pairs affect each other via the cubic nonlinearities
in the amplitude equations. In addition, there is a third stage in which the waves experience a singularity at a finite distance
downstream.

In Section 4, we presented some sample numerical solutions of the coupled amplitude equations to illustrate the points
mentioned above. These numerical solutions, which were presented in Figs. 1 and 2, confirmed that nonlinear interactions
between the pairs can indeed take place, and also demonstrated that the appearance of the finite time singularity could be
accelerated by these nonlinear interactions.

Itis also interesting to note that if one of the pairs were much smaller than the other, then the equation for the dominant pair
is simply that given by Goldstein and Choi [1], which is to be expected since the present study is an extension of [1], while the
evolution of the smaller pair is influenced by the presence of the larger pair. One particular scenario that could be envisaged
therefore only one pair is forced but another (much smaller) pair is present in the background noise. When the nonlinear stage
presented here is reached, the forced pair would experience very rapid growth and the singularity after a finite distance, and
this singularity would be coupled back to the background pair which would also experience very rapid growth. In reality, in an
experiment, there might be many such pairs of waves in the background noise and each pair would undergo this mechanism,
and in Section 3 we discussed how the amplitude equations could be extended to include three or more pairs of waves.

Finally, as we mentioned in Section 1, we are unaware of either any experiments or any numerical simulations which address
the situation covered here, so that comparisons of our theory with experiments is not possible, and we would suggest that such
experiments and/or simulations might be a worthwhile endeavor.

Appendix. Detailsof theanalysis

The self-interaction terms in Section 3 are given by
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The kernels for Section 3 are given by
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The velocity term omitted in (23) in Section 3 is
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while (24) has a solution
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